Stability of Ferromagnetism in Hubbard models on two-dimensional line
  graphs by Mielke, Andreas
ar
X
iv
:c
on
d-
m
at
/0
60
91
42
v1
  [
co
nd
-m
at.
str
-el
]  
6 S
ep
 20
06
Stability of Ferromagnetism in Hubbard models on
two-dimensional line graphs
Andreas Mielke
∗
Institut für Theoretishe Physik, RuprehtKarlsUniversität,
Philosophenweg 19, D-69120 Heidelberg, F.R. Germany
6th February 2008
Abstrat
It is well known that the Hubbard model on a line graph has a at band and ferromag-
neti ground states in a ertain density range. We show that for a Hubbard model on a
line graph of a planar bipartite graph the ferromagneti ground state is stable if one adds
a speial ontribution to the kineti energy whih lifts the degeneray of the lowest single
partile state. Stability holds for suiently strong repulsion U . The model has extended
single partile eigenstates, no degeneray, and no band gap. It is therefore a good andidate
for metalli ferromagnetism.
PACS-numbers: 75.10.Lp, 71.10.Fd
1 Introdution and Results
Ferromagnetism in itinerant eletron systems is an old and not yet fully understood problem in
statistial physis. Kanamori [1℄ was the rst to point out that the Hubbard model [2℄ is a good
starting point for the investigation of ferromagnetism. It ontains the two essential ingredients
one needs to understand itinerant ferromagnetism: A single partile hopping term desribing the
motion of the eletrons on a lattie and a purely loal, repulsive interation U between them.
The rst major result towards ferromagnetism in the Hubbard model was the so alled Theorem
of Nagaoka [3, 4℄. It states that for an innite loal repulsion and very lose to a half lled band
(one eletron in addition to half lling) the ground state of the Hubbard model is fully polarized.
The most general proof of this theorem was presented by Tasaki [5℄. It uses a speial basis for
the multi-partile states in the Hilbert spae and the Perron-Frobenius Theorem for matries.
But the Theorem of Nagaoka desribes the situation lose to the singular point where the repulsive
interation is innite and the band is half lled. In that ase, eah lattie site is oupied by one
eletron and one has a omplete spin degeneray, a pure paramagnet. Therefore, the Nagaoka
Theorem is not a good starting point for a theory of ferromagnetism in the Hubbard model.
In 1989, Lieb [6℄ proved a result on the Hubbard model on bipartite latties whih yields a
ferrimagneti, not fully polarized ground state if the number of lattie sites in the two sub-
latties of the bipartite lattie is dierent and the dierene is an extensive quantity. One an
show that in this ase the model has a purely dispersion-less or at band and that there are other
bands symmetrially above and below the at band. Half lling means that the Fermi energy
lies in the at band, whih means that the density of states at the Fermi level ρF is innite.
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This result is in some sense omplementary to the Nagaoka Theorem. The old riterion of Stoner
for the ourrene of ferromagnetism, whih is a simple mean-eld result, states that ρFU > 1 for
ferromagnetism to appear. Here U is the repulsive on-site interation between eletrons and ρF
is the density of states per site at the Fermi level. This riterion over-estimates the ourrene of
ferromagnetism. One knows examples of speial latties where even for ρF = ∞ and U = ∞ the
ground state is not ferromagneti. Nevertheless, an innite value of ρF may be a good starting
point for the study of ferromagnetism in the Hubbard model.
In 1991, the rst example for a Hubbard model with ρF = ∞ was published whih has a unique,
fully polarized ferromagneti ground state, the Hubbard model on the Kagomé lattie [7, 8℄. This
kind of ferromagnetism is alled at band ferromagnetism. It was shown to our for a large lass
of latties whih are line graphs. Tasaki [9, 10℄ proved the existene of at band ferromagnetism
on another lass of deorated latties. Later on, a general riterion was derived whih yields
a neessary and suient ondition for the uniqueness of the ferromagneti ground state for a
general situation where the hopping term in the Hubbard model has degenerate single-partile
ground states [11, 12℄. This result applies to any lattie with a lowest at band, it applies even
in a single band ase with a partially at band, but one needs a speial lattie topology whih
is expressed as a riterion on the single-partile density matrix. Sekizawa [13℄ reently proved
an extension of Tasaki's result for a general lass of deorated latties, whih fulll the riterion
derived in [12℄.
Line graphs of planar bipartite graphs have speial properties. The reason will beome lear
below. Using these speial properties, we have been able to give a omplete desription of the
ground states of the Hubbard model on this lass of graphs in a ertain density range [14℄. Here
we make use of these speial properties as well.
Often, it was argued that the atness of the band is artiial and that at bands do not our
in nature. Another point is that in a at band the Wannier states are single partile eigenstates
of the Hamiltonian. The Fermi energy lies in a region where model has loalized single-partile
eigenstates. Although, due to the degeneray, the distintion between loalized and extended
states is irrelevant, is is lear that arbitrary small loal perturbations (point defets, line defets,
disorder) favour loalization. This means that in a realisti situation one probably has a ferro-
magneti insulator and not a ferromagneti metal. This argument does not apply to the ase of
a partially at band, but even than the extensive degeneray of the band is artial.
Therefore, already in the beginning of the disussion of at band ferromagnetism, Tasaki tried
to show that the at band ferromagnetism is stable if one introdues a small dispersion to the
at band and if the repulsion is suiently large. A rst rigorous result in this diretion was
published in 1995 for a speial lass of deorated latties where there is a gap between the
at band and the other bands [15, 16℄. One year before, Kusakabe and Aoki published some
numerial results that support the stability of at band ferromagnetism on small latties [17, 18℄.
Finally, in 2003, Tanaka and Ueda showed that even on the Kagomé lattie, whih has no gap
between the at band and the next band, at band ferromagnetism is stable if one adds a speial
hopping term to the Hamiltonian that yields a small dispersion in the formerly at band [19℄.
All these examples indiate that at least for a large lass of latties at band ferromagnetism
may be stable: If one adds additional hopping terms to the Hamiltonian so that the at band
gets a dispersion, the ferromagneti ground state remains the unique ground state for suiently
large U . The present paper is a step in this diretion.
Reently, Tamura et al proposed to study at-band ferromagnetism experimentally using quan-
tum dot super-latties [20, 21℄. They performed alulations for a Kagomé lattie within a
tight-binding approximation for the quantum dot super-latties, whih inludes a next nearest
neighbour hopping term. The model was solved using exat diagonalization of small latties.
Although the next nearest neighbour hopping destroys the at band, the result shows that at
band ferromagnetism an be observable in dot arrays.
Let us now summarize the results of the present paper:
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Our results applies to a large lass of graphs, line-graphs of planar, bipartite, two-onneted
graphs. It is the same lass of graphs as in [14℄. This lass ontains many two-dimensional
latties, but we do not need translational invariane. One property of the nearest-neighbour
hopping on suh graphs is that the lowest single-partile eigenstate is highly degenerate. The
ground state of the full Hamiltonian for the ase where the number of eletrons equals the
number of degenerate single-partile ground states is ferromagneti and unique up to the usual
spin degeneray. We add a ontribution to the kineti energy whih lifts the degeneray. Then
we are able to show that the ferromagneti ground state remains the unique ground state of the
system if the repulsive interation U and the nearest-neighbour hopping t are suiently large.
The result of the present paper is a generalization of the result in [19℄ for the Kagomé lattie to a
large lass of latties. In fat, the experimental realizations disussed in [20, 21℄ are line graphs of
nite planar bipartite graphs. Furthermore, the additional hopping term ontains many (loal)
parameters. And the result may be a good starting point for more general results in the future.
For the Kagomé lattie, our proof is a simpliation of the proof in [19℄.
The main dierene between our result and the results obatined by Tasaki [15, 16℄ is that in our
ase there is no band gap between the lowest band and the higher bands. In addition, at least in
the translational invariant ase, the single partile eigenstates on our latties are not loalized.
Loalized single partile eigenstates or a gap in the single partile spetrum are riteria for a
Mott or Anderson type of insulator. Therefore our lass of graphs ontains latties whih are
good andidates for metalli ferromagnetism.
The rest of the paper is organized as follows. In the next setion we introdue the notation, some
denitions, the onditions we need, and we state the main result. We also give some omments
on that result. The third setion of the paper ontains the proof.
2 Denitions and Results
As stated in the introdution, we investigate the Hubbard model on line graphs of planar bipartite
graphs. Let us therefore introdue some denitions and properties onerning line graphs of
planar bipartite graphs. We use some notions of standard graph theory whih may be found in
any text book on graph theory, see e.g. [22℄. We use the notation in [14℄.
Let G be a bipartite planar 2-onneted graph. V (G) is the set of verties, E(G) the set of edges
of G. Eah edge e ∈ E(G) onnets two verties x, y ∈ V (G) and may be denoted as e = {x, y}.
As in [14℄ we assume that G is 2-onneted whih means that no edge exists so that the graph
deays into two unonneted subgraphs if this edge is deleted from G. A graph is bipartite if
the vertex set V is a union of two disjoint vertex sets V1 and V2 so that eah edge joins a vertex
from V1 to a vertex of V2. In a bipartite graph, the length of eah yle is even.
A walk of length n − 1 is a sequene c = (x1, e1, x2, e2, . . . , en−1, xn). A path is a self avoiding
walk, a yle is a losed, self avoiding walk.
A planar graph an be represented in the plane as a set of point and lines between them so that
there are no lines interseting eah other. The representation of the planar graph in the plane is
alled a plane graph. The representation is not neessarily unique. In the following we assume
that the planar graph G is a plane graph. The results do not depend on the representation in
the plane.
A plane graph divides the plane into a set of onneted omponents, alled faes. Most of the
faes are bounded. Eah plane graph has exatly one unbounded fae. Let F (G) be the set
of bounded faes of G. Due to the famous Theorem of Euler, the number of bounded faes is
|F (G)| = |E(G)| − |V (G)| + 1. We assume |F (G)| > 1. If there is no or only one bounded fae,
the results we want to show are trivial and uninteresting. The boundary of a fae f is a yle.
Let L(G) be the line graph of G. The line graph of G is dened as follows: The vertex set of
L(G) is the set of edges E(G) of the original graph. The verties e, e′ ∈ E(G) are onneted if
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|e ∩ e′| = 1, i.e. if the two edges of the original graph have a vertex in ommon. Note that a
line graph of a plane graph is not neessarily a plane graph. The Kagomé lattie we mentioned
above is the line graph of the hexagonal or honey-omb lattie. It is a plane graph. But the line
graph of the square lattie is not planar.
Let B = (bxe)x∈V (G), e∈E(G) be the vertex-edge-inidene-matrix. bxe = 1 if the vertex x belongs
to the edge e, bxe = 0 otherwise.
Let B˜ = (b˜fe)f∈F (G), e∈E(G) be the fae-edge-inidene-matrix. b˜fe = 1 if the edge e belongs to
the boundary of f , b˜fe = 0 otherwise.
The number of edges of the boundary of f is nf =
∑
e∈E(G) b˜fe. Sine the graph is bipartite, nf
is even.
Let C = (cxf )x∈V (G), f∈F (G) be the vertex-fae-inidene-matrix. cxf = 1 if the vertex x belongs
to the boundary of f , cxf = 0 otherwise. One has
cxf =
1
2
∑
e∈E(G)
b˜febxe (1)
We let dx =
∑
f∈F (G) cxf and D = diag(dx). dx is the number of faes touhing the vertex x.
Eah fae f ∈ F (G) may be oriented. We hoose a lokwise orientation. Eah e may be oriented.
Sine G is bipartite, we hoose the orientation of e suh that it points from V1(G) to V2(G). We
now introdue S = (sfe)f∈F (G), e∈E(G) where sfe = 1 if e is part of the boundary of f and points
into the diretion of f , sfe = −1 if e is part of the boundary of f and points into the opposite
diretion of f , sfe = 0 otherwise.
A standard result in graph theory is BSt = 0. Furthermore, the dimension of the kernel of B is
|E(G)| − |V (G)| + 1 = |F (G)|. The olumns of St form a basis of the kernel of B.
We now onsider a Hubbard model on L(G) with the Hamiltonian
H =
∑
e,e′∈E(G),σ
tee′c
†
eσce′σ +
∑
e∈E(G)
Uene↑ne↓ (2)
where
tee′ = t
∑
x
bxebxe′ −
∑
f
sf
nf
sfesfe′ . (3)
We let t > 0, sf ≥ 0 and Ue > 0. c†eσ and ceσ are the usual reation and annihilation operators
on the verties of L(G). neσ = c
†
eσceσ is the number operator for eletrons on e with the spin σ.
N =
∑
eσ neσ is the number of eletrons. The rst part of the Hamiltonian desribes the hopping
of eletrons on L(G), the seond part is the loal repulsive eletron-eletron interation.
The rst part of tee′ is the usual nearest neighbour hopping on L(G) plus an additional term 2tδee′ .
The lowest eigenvalue of
∑
x bxebxe′ is zero. It's multipliity is |F (G)| = |E(G)|−|V (G)|+1. The
seond term lifts the degeneray of this eigenvalue and does not hange the other eigenvalues.
Sine the seond part of the matrix (tee′) is negative semi-denite, all eigenvalues whih are 0
for sf = 0 beome non-positive. For sf = 0 this is the model disussed in [14℄.
The seond part of the kineti energy of the Hamiltonian an be written asH1 = −
∑
fσ sfd
†
fσdfσ
where d
†
fσ = n
−1/2
f
∑
e sfec
†
eσ. Sine the orresponding single partile states are not orthogonal,
s˜ff ′ = [df ′σ, d
†
fσ ]+ = (nfnf ′)
−1/2 ∑
e sfesf ′e is not diagonal.
Let SF = diag(sf ) and S˜ = (s˜fg)f,g∈F (G). Then single partile spetrum of H1 is given by the
spetrum of the matrix −√SF S˜
√
SF .
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The Hubbard model has the usual SU(2) spin symmetry. It ommutes with the spin operators
Sz =
1
2
∑
e∈E(G)
(ne↑ − ne↓) (4)
S+ =
∑
e∈E(G)
c
†
e↑ce↓ (5)
S− =
∑
e∈E(G)
c
†
e↓ce↑ (6)
The eigenstates of H are eigenstates of ~S2 = 12(S+S−+S−S+)+S
2
z with eigenvalues S(S+1) and
Sz. Due to the SU(2) symmetry, an eigenstate of H with a spin S is (2S + 1)-fold degenerate,
Sz takes values between −S and S for the degenerate states.
Let us now state our main result:
Theorem: For suiently large t > tc and U > Uc (both independent of the number of lattie
sites and nite in the thermodynami limit) and for N = |F (G)| eletrons, with G a 2-onneted
planar graph, the ground state of the Hubbard Hamiltonian (2) on the line graph L(G) is fully
polarized, S = 12N , and unique up to the usual (2S + 1)-fold spin degeneray. In the subspae
Sz = S the unique ground state is
∏
f d
†
f↑|0〉 where |0〉 denotes the vauum.
Before we start to prove this theorem, let us make some remarks:
(i) The ground state in the theorem is a fully polarized state. It's energy does not depend on U .
This state is an eigenstate of the Hamiltonian for any value of U . But it is lear that it is not
the ground state for U = 0. For U = 0 we obtain the ground state by lling the single partile
eigenstates of H1 suessively with eletrons with spins up and down. An exeption ours if
a single partile eigenstate is degenerate, in that ase Hund's rule applies. But generially, the
degeneray will not be of the order |F (G)|.
(ii) The proof of the theorem makes use of the fat that the olumns of St form a basis of the
kernel of B. In [14℄ we made use of this fat to ompletely desribe all ground states of the
Hamiltonian with sf = 0 for N ≤ |F (G)|. Now we use this property to prove a result for the
ground state of H for sf ≥ 0 and N = |F (G)|. One might expet that it should be possible to
extend this result to N < |F (G)|. But this is muh harder. Even if sf = s for all f ∈ F (G), a
simple generalization of the theorem is not possible. The reason is that we use H ≥ −∑f sf for
suiently large U and t together with the fat that the ferromagneti state
∏
f d
†
f↑|0〉 has the
energy −∑f sf . For N < |F (G)| a generalization is diult, sine the proof uses the loality of
the states d
†
fσ . But the single partile ground states of H1 are not loal and therefore it is not
possible to express the ferromagneti eigenstates of H with lowest energy by loal operators.
(iii) Although the proof makes use of the loality of the operators d
†
fσ , the single partile eigen-
states of H are generially not loalized. Esp. this is not the ase if G is a translational invariant
lattie and sf = s. In that ase the system is a good andidate for a ferromagneti metal: There
are no artial degeneraies, the single partile eigenstates are extended states, not loalized
states, and the Fermi energy does not lie in a band gap.
(iv) The proof makes use of the fat that G is a plane graph. For arbitrary line graphs, the
degeneray of the single partile ground state is |E|− |V |+1 if G is bipartite, as for the ase of a
plane graph. One an even onstrut a basis using small yles on G, similar to the boundaries
of the faes of the plane graph. But the number small yles is muh larger than the number
of single partile ground states. As a onsequene, the bounds we shall use in the proof do not
hold. Therefore, it is not possible to easily generalize the result to three dimensional latties.
3 Proof
The Hamiltonian H an be written as a sum of loal Hamiltonians H =
∑
f∈F (G) Hf where
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Hf = Hf,1 +Hf,2 +Hf,3 (7)
Hf,1 = − sf
nf
∑
e,e′∈E(G),σ
sfec
†
eσsfe′ce′σ (8)
Hf,2 = t
∑
x∈V (G)
cxf
dx
∑
e,e′∈E(G),σ
bxec
†
eσbxe′ce′σ (9)
Hf,3 =
∑
x∈V (G)
cxf
2dx
∑
e∈E(G)
bxeUene+ne− (10)
Let us rst disuss Hf . One has Hf ≥ −2sf . We will show that for suiently large t and Ue
one obtains Hf ≥ −sf .
In a rst step, we disuss Hf for Ue = ∞ and t = ∞. Hf,2 ≥ 0 and t = ∞ means that the
single Hilbert spae is restrited to single partile states with Hf,1φ = 0. The single partile
Hamiltonian Hf,2 is equivalent to the matrix
Tf,2 = tB
tCfD
−1CfB (11)
where Cf = diag(cxf ) and D = diag(dx) has been dened above. The kernel of Tf,2 is the kernel
of CfB.
In the following disussion we restrit ourselves to the subset of edges of E(G) for whih at
least one matrix element of Tf,2 does not vanish. This subset onsists of the edges of f and
the edges onneted to f . One an show that the dimension of the rank of CfB is |f | − 1 if
no other edges are onneted to f , |f | otherwise. The rst ase has been exluded above sine
G must be 2-onneted. This means that the dimension of the kernel of CfB is given by the
number of edges onneted to f but not an element of f . We all them outer edges of f . Their
number is given by rf =
∑
x∈f dxf −2|f |. Therefore we need to nd rf linear independent states
that form a basis of the kernel of CfB. The rst state is φ0(e) = sfe. The other basis states
are onstruted as follows: We hoose e0 to be one the outer edges of f . The other edges are
numbered as e1, . . . , erf−1. We now let pi be the path that starts at e0, ends at ei and runs
lokwise around f . The path is oriented, it starts at e0. If ei is onneted to the same vertex
in f as e0, it has length 2, i.e. it ontains no edge of f . We let φi(e) = 1 if e belongs to pi and
has the same orientation as pi; φi(e) = −1 if e belongs to pi and has the opposite orientation;
φi(e) = 0 if e does not belong to pi. Obviously, we have onstruted rf states. It is easy to see
that eah of these states belongs to the kernel of CfB. Furthermore, there is at least one edge
in f for whih all φi vanish exept φ0. Sine φi, i > 0 is the only state that does not vanish on
ei, the states φi are linearly independent. Thus, they form a basis of the kernel of Tf,2.
Now, we introdue
a
†
iσ =
∑
e
φi(e)c
†
eσ (12)
One has a
†
0σ = d
†
fσ . Any multi-partile state whih is an eigenstate of Hf,2 with eigenvalue 0
an be written as
ψ = ψ0 + d
†
f↑ψ+ + d
†
f↓ψ− + d
†
f↑d
†
f↓ψ1 (13)
where ψ0,±,1 are build by linear ombinations of produts of a suitable number of a
†
iσ, i > 0
ating on the vauum.
Now we use that U = ∞. This ondition means that ψ has no double oupany. We noted
above that there exists one edge e for whih all φi vanish exept φ0. Obviously, the last term in
ψ has a double oupany on this edge. Therefore, for U = ∞, ψ1 must vanish.
Next, we want that ψ is a lowest energy eigenstate of Hf,1. Sine Hf,1ψ0,±,1 = 0, we obtain
Hf,1ψ = −sfψ if and only if ψ0 vanishes. Thus, for U = ∞ and t = ∞ one has Hf ≥ −sf and
the ground state of Hf is of the form
ψ = d†f↑ψ+ + d
†
f↓ψ− (14)
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By ontinuity, this result holds for suiently large but nite U and t as well, i.e. for U > Ucf
and t > tcf . Ucf and tcf are nite numbers and do not tend to innity when G beomes large, as
long as f remains nite. If e.g. G is some part of an innite lattie, Ucf and tcf do not hange
when one takes the thermodynami limit.
As a onsequene of the above result one has H ≥ −∑f∈F (G) sf .
Let us now onsider the fully polarized state
ψ0↑ =
∏
f∈F (G)
d
†
f↑ |0〉 (15)
The operator d˜gσ =
∑
f (S˜
−1)gfdfσ is the dual operator to d
†
fσ ; we have [d˜gσ, d
†
fσ ] = δfg. We
now obtain
Hψ0↑ = −
∑
f
sf
nf
d
†
f↑df+↑ψ0↑ (16)
= −
∑
f,g
sf
nf
s˜fgd
†
f↑d˜g↑ψ0↑ (17)
= −
∑
f
sf
nf
s˜ffψ0↑ (18)
= −
∑
f
sfψ0↑ (19)
This shows that for suiently large values of t and Ue the fully polarized state ψ0+ is a ground
state of H. The uniqueness of ψ0+ an be shown quite easily. In fat, we proved the uniqueness
in [14℄ for sf = 0. This proof an be arried over without any hanges and it is not neessary to
repeat it here.
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